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Âñòóï
Îäíèì iç âàæëèâèõ ïèòàíü ïiä ÷àñ äîñëiäæåííÿ

çàäà÷ äëÿ íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç
÷àñòèííèìè ïîõiäíèìè ¹ âèâ÷åííÿ ÿêiñíèõ âëàñòè-
âîñòåé ¨õíiõ ðîçâ'ÿçêiâ. Ñåðåä òàêèõ âëàñòèâîñòåé ¹,
çîêðåìà, iñíóâàííÿ îáìåæåíîãî íîñiÿ ðîçâ'ÿçêó òà
îöiíêè éîãî ðîçìiðiâ. Ó ðîáîòàõ [1�2] çàïðîïîíîâàíî
åíåðãåòè÷íèé ìåòîä äîâåäåííÿ òà îäåðæàíî çãàäóâàíi
âëàñòèâîñòi äëÿ äåÿêèõ êëàñiâ ïàðàáîëi÷íèõ ðiâíÿíü
ç âèðîäæåííÿì. Ïiçíiøå àâòîð ðîáiò [3�4] ðîçøèðèâ
çàïðîïîíîâàíèé ìåòîä äëÿ ðiâíÿíü âèùîãî ïîðÿäêó
ç âèðîäæåííÿì.

Äîñëiäæåííÿ ÿêiñíèõ âëàñòèâîñòåé ðîçâ'ÿçêiâ
äëÿ êâàçiëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî òà
âèùèõ ïîðÿäêiâ âèêîíàíî â [5�10].

Îá'¹êòîì äîñëiäæåííÿ ó ðîáîòi ¹ ìiøàíà çàäà÷à
äëÿ íåëiíiéíîãî ðiâíÿííÿ âèñîêîãî ïîðÿäêó ç äðóãîþ
ïîõiäíîþ çà ÷àñîì. Âèâ÷à¹òüñÿ êîìïàêòíiñòü íîñiÿ
óçàãàëüíåíîãî ðîçâ'ÿçêó òàêî¨ çàäà÷i çà äîäàòíèì
íàïðÿìêîì îäíi¹¨ ïðîñòîðîâî¨ çìiííî¨. Âèêîðèñòàíî
åíåðãåòè÷íèé ìåòîä [3].

I. Ôîðìóëþâàííÿ çàäà÷i
Íåõàé Ω ⊂ Rn � íåîáìåæåíà îáëàñòü ç ìåæåþ ∂Ω∈C1,
T > 0, p > 1, m, n, l ∈ N. Ïîçíà÷èìî Qτ = Ω× (0, τ),
Ωτ = {(x, t) : x ∈ Ω, t = τ}, τ ∈ [0, T ], Dα

x =

=
∂|α|u

∂xα1
1 · . . . · ∂xαn

n
, |α| = α1 + . . . + αn, αi ∈

∈ N ∪ {0}, i ∈ {1, . . . , n}, ν � çîâíiøíÿ îäèíè÷íà
íîðìàëü äî ïîâåðõíi ∂Ω× (0, T ).

Â îáëàñòi QT ðîçãëÿäà¹ìî çàäà÷ó äëÿ ðiâíÿííÿ

utt + (−1)m
∑

|α|=m

Dα
x (aα(x, t)|Dα

x ut|p−2Dα
x ut)+

+(−1)l
∑

|α|=l

Dα
x (bα(x, t)|Dα

x ut|p−2Dα
x ut)+

+(−1)l
∑

|α|=l

Dα
x (cα(x, t)|Dα

x u|p−2Dα
x u)+

+h(x, t)|ut|r(x)−2ut = f(x, t), (1)
ç óìîâàìè

u(x, 0) = u0(x), ut(x, 0) = u1(x); (2)

u
∣∣
∂Ω×(0,T )

= . . . =
∂m−1u

∂νm−1

∣∣∣∣
∂Ω×(0,T )

= 0. (3)

Ââåäåìî ôóíêöiéíi ïðîñòîðè:
ÿêùî k = m ÷è k = l, òî

W k,p
0 (Ω) =

{
v : Dα

x v ∈ Lp(Ω), |α| = k,

∂iv

∂ν i

∣∣∣∣
∂Ω

= 0, i ∈ {0, 1, . . . , k − 1}
}

,

||v;W k,p
0 (Ω)|| =

(∫

Ω

∑

|α|=k

|Dα
x v|p dx

)1/p

;

ÿêùî g ∈ L∞(Ω) i ìàéæå âñþäè âèêîíóþòüñÿ
íåðiâíîñòi 1 < g1 ≤ g(x) ≤ g2 < +∞, òî

Lg(·)(Ω) =
{

v :
∫

Ω

|v|g(x) dx < +∞
}

.

Ïðîñòið Lp(Ω) ¹ ïðîñòîðîì Ëåáåãà, à Lg(·)(Ω) íàçèâà-
¹òüñÿ óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà [11]. Âiäîìî,
ùî îñòàííié ¹ áàíàõîâèì ïðîñòîðîì ç íîðìîþ

||v; Lg(·)(Ω)|| = inf
{

λ > 0 :
∫

Ω

|v(x)/λ|g(x)dx ≤ 1
}

.

Ïîäiáíî âèçíà÷èìî ïðîñòið Lg(·)(QT ).
Ãîâîðèòèìåìî, ùî âèêîíóþòüñÿ óìîâè (A), (B),

(C), (H), (R), (U), ÿêùî:
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(A): aα ∈ L∞(QT ), aα(x, t) ≥ A0 > 0
äëÿ âñiõ α, |α| = m, òà ìàéæå äëÿ âñiõ
(x, t) ∈ QT ;

(B): bα ∈ L∞(QT ), bα(x, t) ≥ B0 > 0
äëÿ âñiõ α, |α| = l, òà ìàéæå äëÿ âñiõ
(x, t) ∈ QT ;

(C): cα, cαt ∈ L∞(QT ), cα(x, t) ≥ c0 > 0,
|cαt(x, t)| ≤ c1 < +∞ äëÿ âñiõ α, |α| = l,
òà ìàéæå äëÿ âñiõ (x, t) ∈ QT ;

(H): h ∈ L∞(QT ), h(x, t) ≥ H > 0 ìàéæå
äëÿ âñiõ (x, t) ∈ QT ;

(R): r ∈ L∞(Ω), 1 < r ≤ r̂ < +∞, äå
r = ess inf

x∈Ω
r(x), r̂ = ess sup

x∈Ω
r(x);

(U): u0 ∈ W l,p
0 (Ω), u1 ∈ L2(Ω), f ∈ L2(QT ).

Îçíà÷åííÿ 1. Ïiä óçàãàëüíåíèì ðîçâ'ÿçêîì
çàäà÷i (1)�(3) â îáëàñòi QT ðîçóìi¹ìî ôóíêöiþ u,
ùî çàäîâîëüíÿ¹ óìîâó u(x, 0) = u0(x), âêëþ÷åííÿ
u ∈ C([0, T ];L2(Ω)) ∩ Lp(0, T ; W l,p

0 (Ω)),
ut ∈ C([0, T ];L2(Ω)) ∩ Lp(0, T ; W m,p

0 (Ω)) ∩Lr(x)(QT ),
òà ðiâíiñòü

∫

ΩT

utvdx−
∫

Ω0

u1(x)vdx +
∫

QT

[
−utvt+

+
∑

|α|=m

aα(x, t)|Dα
x ut|p−2Dα

x utD
α
x v+

+
∑

|α|=l

bα(x, t)|Dα
x ut|p−2Dα

x utD
α
x v+

+
∑

|α|=l

cα(x, t)|Dα
x u|p−2Dα

x uDα
x v+

+h(x, t)|ut|r(x)−2utv

]
dxdt =

∫

QT

f(x, t)v dxdt (4)

äëÿ âñiõ ôóíêöié v ∈ Lp(0, T ; W m,p
0 (Ω)) ∩ Lr(x)(QT ),

vt ∈ L2(QT ), supp v ⊂ QT .

Iç îçíà÷åííÿ 1 çðîçóìiëî, ùî äëÿ óçàãàëüíåíî-
ãî ðîçâ'ÿçêó çàäà÷i (1)�(3) âèêîíó¹òüñÿ òàêîæ óìîâà
ut

∣∣
t=0

= u1.

II. Îñíîâíi ðåçóëüòàòè

Íåõàé x=(x1, . . ., xn)=(x′, z), äå x′=(x1, . . ., xn−1);
z = xn; Ωz0 = Ω∩{z > z0}, Ωz0

τ =Ωτ ∩{z > z0}, z0≥0;

%(z) =
{

(z − z0)s, z ≥ z0,
0, z ≤ z0,

mp ≤ s < mp + 1 i
s− p � äîäàòíå öiëå ÷èñëî.

Çðîáèìî äåÿêi ïîçíà÷åííÿ:

Su(t) = sup{z : (x′, z) ∈ supp u(·, t)},

S1
u(t) = sup{z : (x′, z) ∈ supp ut(·, t)},
Sf = sup{z : (x′, z, t) ∈ supp f},

S = sup{Sf , Su(0), S1
u(0)}.

Òóò u = u(x, t) � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i
(1)�(3) â îáëàñòi QT (ìè ââàæà¹ìî, ùî âií iñíó¹).

ßêùî α, β - ìóëüòèiíäåêñè, β = (β1, . . . , βn−1),
α = (β1, . . . , βn−1, j), k ∈ N, òî

∑

|α|=k

Dα
x w =

k∑

j=0

∑

|β|=k−j

Dα
x w =

k∑

j=0

∑

|β|=k−j

Dβ
x′D

j
zw.

Îñêiëüêè ρ ∈ C∞(R), òî

Dα
x (%w) = %Dα

x w +
j∑

i=1

(
j
i

)
%(i)Dj−i

z Dβ
x′w.

Íåõàé |Dk
xw|σ =

( ∑

|α|=k

|Dα
x w|σ

)1/σ

äëÿ σ ≥ 1.

Òåîðåìà 1. (êîìïàêòíiñòü íîñiÿ ðîçâ'ÿçêó).
Íåõàé u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1)�(3),

m > l, p > 2 + 2(m − l),
p−2(l−m+1)

n+s−p
1
2 − 1

p + m
n+s−p

<
2

m− 1
i âèêîíóþòüñÿ óìîâè (A), (B), (C), (H), (R),
(U). ßêùî S = 0, òî íîñié ðîçâ'ÿçêó u â äîäàòíîìó
íàïðÿìêó îñi z � êîìïàêòíèé, òîáòî iñíó¹ ÷èñëî
z1 > 0 òàêå, ùî max

t∈[0,T ]
Su(t) ≤ z1.

¤ Äîâåäåííÿ. Îñêiëüêè u � ðîçâ'ÿçîê çàäà÷i
(1)�(3) â îáëàñòi QT i S = 0, òî u0 = 0, u1 = 0, f = 0
ïðè z > 0 i, ïðèéíÿâøè â (4) v = ut%e−µt, µ > 0,
îäåðæèìî ðiâíiñòü

1
2

∫

Ω0
τ

u2
t %e−µτdx +

τ∫

0

∫

Ω0

[
µ

2
u2

t %+

+
∑

|α|=m

aα(x, t)|Dα
x ut|p−2Dα

x utD
α
x (%ut)+

+
∑

|α|=l

bα(x, t)|Dα
x ut|p−2Dα

x utD
α
x (%ut)+

+
∑

|α|=l

cα(x, t)|Dα
x u|p−2Dα

x uDα
x (%ut)+

+h(x, t)|ut|r(x)%

]
e−µtdxdt = 0, τ ∈ (0, T ]. (5)

Ïåðåòâîðèìî (5), âðàõîâóþ÷è óìîâè òåîðåìè.
Çãiäíî ç óìîâîþ (A)

τ∫

0

∫

Ω0

∑

|α|=m

aα|Dα
x ut|p−2Dα

x utD
α
x (%ut)e−µtdxdt = I1+I2,

äå I1 =
τ∫
0

∫
Ω0

∑
|α|=m

aα|Dα
x ut|p%e−µtdxdt,

I2 =
m∑

j=1

∑

|β|=m−j

j∑

i=1

(
j
i

) τ∫

0

∫

Ω0

aα%(i)|Dα
x ut|p−2×

×Dα
x utD

j−i
z Dβ

x′ute
−µtdxdt,
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òîìó

|I2| ≤ Cm

τ∫

0

∫

Ω0

m∑

i=1

|Dm
x ut|p−1

p−1|%(i)||Dm−i
x ut|1e−µtdxdt,

Cm � ñòàëà, ùî çàëåæèòü ëèøå âiä m.
Íà ïiäñòàâi óìîâè (B)

τ∫

0

∫

Ω0

bα

∑

|α|=l

|Dα
x ut|p−2Dα

x utD
α
x (%ut)e−µtdxdt = I3+I4,

äå I3 =
τ∫
0

∫
Ω0

∑
|α|=l bα|Dα

x ut|p%e−µtdxdt,

I4 =

τ∫

0

∫

Ω0

l∑

j=1

∑

|β|=l−j

j∑

i=1

(
j
i

)
bα%(i)|Dα

x ut|p−2Dα
x ut×

×Dj−i
z Dβ

x′ute
−µtdxdt,

îòæå,

|I4| ≤ Cl

τ∫

0

∫

Ω0

l∑

i=1

|Dl
xut|p−1

p−1|%(i)| |Dl−i
x ut|1e−µtdxdt.

Çà óìîâîþ (C)
τ∫

0

∫

Ω0

∑

|α|=l

cα|Dα
x u|p−2Dα

x uDα
x (%ut)e−µtdxdt = I5 + I6,

äå I5 =

τ∫

0

∫

Ω0

∑

|α|=l

cα|Dα
x u|p−2Dα

x uDα
x ut%e−µtdxdt,

I6 =

τ∫

0

∫

Ω0

l∑

j=1

∑

|β|=l−j

j∑

i=1

cα%(i)|Dα
x u|p−2Dα

x u×

×Dj−i
z Dβ

x′ute
−µtdxdt,

òîìó
I5 =

1
p

∫

Ω0
τ

∑

|α|=l

cα|Dα
x u|p%e−µτdx+

+
µ

p

τ∫

0

∫

Ω0

∑

|α|=l

cα|Dα
x u|p%e−µtdxdt−

−1
p

τ∫

0

∫

Ω0

∑

|α|=l

cαt|Dα
x u|p%e−µtdxdt,

I6 ≤ Cl

τ∫

0

∫

Ω0

l∑

i=1

|Dl
xu|p−1

p−1|%(i)||Dl−i
x ut|1e−µtdxdt.

Íàðåøòi, çãiäíî ç óìîâîþ (H)
τ∫

0

∫

Ω0

h|ut|r(x)%e−µtdxdt ≥ 0.

Ç âèãëÿäó ôóíêöi¨ ρ òà ç íåðiâíîñòi Þíãà äëÿ
äîâiëüíèõ δ1 > 0, δ2 > 0 ìàòèìåìî

|I2| ≤ Cmδ1

τ∫

0

∫

Ωz0

|Dm
x ut|pp(z − z0)se−µtdxdt+

+CmC(δ1)

τ∫

0

∫

Ωz0

m∑

i=1

|Dm−i
x ut|pp(z − z0)s−pie−µtdxdt,

|I4| ≤ Clδ1

τ∫

0

∫

Ωz0

|Dl
xut|pp(z − z0)se−µtdxdt+

+ClC(δ1)

τ∫

0

∫

Ωz0

l∑

i=1

|Dl−i
x ut|pp(z − z0)s−pie−µtdxdt,

|I6| ≤ Clδ2

τ∫

0

∫

Ωz0

|Dl
xu|pp(z − z0)se−µtdxdt+

+ClC(δ2)

τ∫

0

∫

Ωz0

l∑

i=1

|Dl−i
x ut|pp(z − z0)s−pie−µtdxdt.

Ââåäåìî ôóíêöiîíàëè

Es(z0) =

T∫

0

∫

Ωz0

(z − z0)s

[
|Dm

x ut|pp + |Dl
xut|pp

]
dxdt,

Fs(z0) =
1
2

sup
t∈[0,T ]

∫

Ω
z0
t

(z − z0)su2
t dx.

Âðàõîâóþ÷è îöiíêè iíòåãðàëiâ I1−I6, ç (5) îäåðæèìî

Fs(z0) +

τ∫

0

∫

Ωz0

[
µ

2
u2

t + (A0 − Cmδ1)|Dm
x ut|pp+

+(B0 − Clδ1)|Dl
xut|pp +

(
µc0 − c1

p
− Clδ2

)
|Dl

xu|pp
]
×

×(z − z0)se−µtdxdt+

+
c0

p

∫

Ωz0

|Dl
xu|pp(z − z0)se−µτdx ≤

≤ Cm,l,δ1,δ2

τ∫

0

∫

Ωz0

[ m∑

i=1

|Dm−i
x ut|pp(z − z0)s−pi+

+
l∑

i=1

|Dl−i
x ut|pp(z − z0)s−pi

]
e−µtdxdt. (6)

Âèáåðåìî ïàðàìåòðè δ1, δ2, µ òàê:

µ = 1, δ1 = max
{

A0

2Cm
,

B0

2Cl

}
, δ2 =

c0 − c1

2pCl
.
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Òîäi ç (6) ìàòèìåìî íåðiâíiñòü

Fs(z0) + Es(z0) ≤

≤ Cm,l

[ τ∫

0

∫

Ωz0

m∑

i=1

|Dm−i
x ut|pp(z − z0)s−pidxdt+

+

τ∫

0

∫

Ωz0

l∑

i=1

|Dl−i
x ut|pp(z − z0)s−pidxdt

]
.

Ïðîäîâæèìî ôóíêöiþ u íóëåì íà Rn äëÿ ìàéæå
âñiõ t ∈ [0, T ]. Íåõàé Hz0 = {x ∈ Rn : xn > z0}.
Íà ïiäñòàâi íåðiâíîñòi Õàðäi (ëåìà A2 [3], c. 345) ∀α,
|α| = k − i, i ≥ 2, ìàòèìåìî

∫

Hz0

|Dα
x ut|p(z − z0)s−pi dx ≤

≤ C1

∫

Hz0

|D(1)
z Dα

x ut|p × (z − z0)s−pi+p dx ≤ . . . ≤

≤ Ci−1

∫

Hz0

|D(i−1)
z Dα

x ut|p × (z − z0)s−p dx,

äå C1, . . . , Ci−1 � äîäàòíi ñòàëi (äëÿ i = 1 öÿ
íåðiâíiñòü î÷åâèäíà). Òîìó

∫

Hz0

k∑

i=1

|Dk−i
x ut|pp(z − z0)s−pidxdt ≤

≤ Cs,p,k

∫

Hz0

|Dk−1
x ut|pp(z − z0)s−pdxdt,

äå k = m àáî k = l.
Îòæå,

Fs(z0) + Es(z0) ≤ (7)

≤ Cm,l,s,p

τ∫

0

∫

Ωz0

[
|Dm−1

x ut|pp+|Dl−1
x ut|pp

]
(z−z0)s−pdxdt.

Çàñòîñîâóþ÷è ùå ðàç íåðiâíiñòü Õàðäi, îäåðæèìî

Fs(z0) ≤ Cm,l,s,p Es(z0). (8)

Êðiì òîãî, ç (7) ìàòèìåìî

Es(z0) ≤ Cm,l,s,p

τ∫

0

∫

Ωz0

[
|Dm−1

x ut|pp+

+|Dl−1
x ut|pp

]
(z − z0)s−pdxdt. (9)

Íàäàëi âñi ñòàëi, ÿêi íå çàëåæàòü âiä
óçàãàëüíåíîãî ðîçâ'ÿçêó u, ïîçíà÷àòèìåìî C.

Íà ïiäñòàâi ëåìè À1 ([3], c. 345) äëÿ öiëîãî k ≥ 0
îòðèìà¹ìî

∫

Hz0

(z − z0)k|Dm−1
x ut|pp dx ≤ (10)

≤ C

( ∫

Hz0

(z−z0)k|Dm
x ut|pp dx

)a( ∫

Hz0

(z−z0)ku2
t dx

) (1−a)p
2

,

äå m−1
m ≤ a < 1, 1

p = m−1
n+k + a

(
1
p − m

n+k

)
+ 1−a

2 ,

∫

Hz0

(z − z0)k|Dl−1
x ut|pp dx ≤ (11)

≤ C

( ∫

Hz0

(z−z0)k|Dm
x ut|ppdx

)b( ∫

Hz0

(z−z0)ku2
t dx

) (1−b)p
2

,

äå l−1
m ≤ b < 1, 1

p = l−1
n+k + b

(
1
p − m

n+k

)
+ 1−b

2 .

Ïðèéìåìî k = s− p, òîäi

a =

1
2
− 1

p
+

m− 1
n + s− p

1
2
− 1

p
+

m

n + s− p

, b =

1
2
− 1

p
+

l − 1
n + s− p

1
2
− 1

p
+

m

n + s− p

.

Î÷åâèäíî, ùî b < a, à, îòæå, 1− a < 1− b.
Îñêiëüêè 1

1/a + 1
1/(1−a) = 1, òî çiíòåãðóâàâøè (10)

çà t ∈ (0, T ) òà âèêîðèñòàâøè íåðiâíiñòü Ãåëüäåðà,
îòðèìà¹ìî

T∫

0

∫

Ωz0

(z − z0)s−p|Dm−1
x ut|ppdxdt ≤

≤ C

( T∫

0

∫

Ωz0

(z − z0)s−p|Dm
x ut|ppdxdt

)a

×

×
( T∫

0

( ∫

Ωz0

(z − z0)s−pu2
t dx

) p
2

dt

)1−a

≤

≤ CT 1−a

( T∫

0

∫

Ωz0

(z−z0)s−p|Dm
x ut|ppdxdt

)a

[Fs−p(z0)]
p(1−a)

2 .

Àíàëîãi÷íî ç (11) îäåðæèìî

T∫

0

∫

Ωz0

(z − z0)s−p|Dl−1
x ut|ppdxdt ≤

≤ C

( T∫

0

∫

Ωz0

(z − z0)s−p|Dm
x ut|ppdxdt

)b

×

×
( T∫

0

( ∫

Ωz0

(z − z0)s−pu2
t dx

) p
2

dt

)1−b

≤

≤ CT 1−b

( T∫

0

∫

Ωz0

(z−z0)s−p|Dm
x ut|ppdxdt

)b

[Fs−p(z0)]
p(1−b)

2 .
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Îòæå, çãiäíî ç (9),

Es(z0) ≤ C

[( T∫

0

∫

Ωz0

(z − z0)s−p|Dm
x ut|ppdxdt

)a

×

×[Fs−p(z0)]
(1−a)p

2 +
( T∫

0

∫

Ωz0

(z − z0)s−p|Dm
x ut|ppdxdt

)b

×

×[Fs−p(z0)]
(1−b)p

2

]
≤ (12)

≤ C

[( T∫

0

∫

Ωz0

(z − z0)s−p|Dm
x ut|ppdxdt

)a

+

+
( T∫

0

∫

Ωz0

(z − z0)s−p|Dm
x ut|ppdxdt

)b]
×

×
[
(Fs−p(z0))

(1−a)p
2 + (Fs−p(z0))

(1−b)p
2

]
.

Îñêiëüêè Es−p(0) < +∞, Fs−p(0) < +∞ òî iñíó¹
òàêå y > 0, ùî äëÿ âñiõ z0 ≥ y

max
{ T∫

0

∫

Ωz0

(z − z0)s−p|Dm
x ut|ppdxdt, 2Fs−p(z0)

}
≤ 1.

Òîäi, âèêîðèñòîâóþ÷è òå, ùî b < a, 1− a < 1− b,
ç (12) òà (8) ìàòèìåìî

Es(z0) ≤ C

( T∫

0

∫

Ωz0

(z − z0)s−p|Dm
x ut|pp dxdt

)b

×

×[Fs−p(z0)]
(1−a)p

2 ≤ C[Es−p(z0)]b[Fs−p(z0)]
(1−a)p

2 ≤
≤ C[Es−p(z0)]Θ,

äå Θ = b +
(1− a)p

2
.

Çà òåîðåìîþ Ôóáiíi ïåðåïèøåìî Es(z0) ó âèãëÿäi

Es(z0) =

=

+∞∫

z0

(z−z0)s

( T∫

0

∫

Ωz0∩{xn=z}

[
|Dm

x ut|pp+|Dl
xut|pp

]
dx′dt

)
dz.

Îñêiëüêè Θ = 1 +

p− 2 + 2l − 2m

2(n + s− p)
1
2
− 1

p
+

m

n + s− p

> 1 i Θ
Θ−1 > m,

òî ôóíêöiîíàë Es çàäîâîëüíÿ¹ óìîâè ëåìè A4 ([3],
c. 349). Îòæå, íîñié E0 îáìåæåíèé, à ñàìå iñíó¹
÷èñëî z1 > 0 òàêå, ùî E0(z) = 0 ïðè z ≥ z1. Òîìó
u(x′, z, t) = 0 ïðè (x′, z, t) ∈ Ωz1 × (0, T ), òîáòî íîñié
u â äîäàòíîìó íàïðÿìêó îñi oz � êîìïàêòíèé. ¥

Ó íàñòóïíèõ òåîðåìàõ 2, 3 âñòàíîâëåíî îöiíêè äëÿ
ôóíêöiîíàëà E1 ó âèïàäêàõ p = 2 òà m = l.

Òåîðåìà 2. Íåõàé u � óçàãàëüíåíèé ðîçâ'ÿçîê
çàäà÷i (1)�(3), m > l, p = 2, S = 0 i âèêîíóþòü-
ñÿ óìîâè (A), (B), (C), (H), (R), (U). Òîäi
ïðàâèëüíà íåðiâíiñòü

E1(z2) ≥
[
C(1− α0)

α0
(z2 − z1)+

+[E1(z1)]
α0−1

α0

] α0
α0−1

, 0 ≤ z1 < z2, (13)

äå

α0 =
l

2m(m2 − (m− 1)l)
+

2m− 1
2m

.

¤ Äîâåäåííÿ. Ç íåðiâíîñòi (9), êîëè p = 2,
îòðèìà¹ìî îöiíêó

Es(z0) ≤ Cm,s,p,l

T∫

0

∫

Ωz0

(|Dm−1
x ut|22+

+|Dl−1
x ut|22)(z − z0)s−2dxdt.

Íà ïiäñòàâi ëåìè À1 ([3], c. 345) äëÿ p = 2 òà öiëîãî
k ≥ 0 ìàòèìåìî

∫

Hz0

(z − z0)s|Dm−1
x ut|22dx ≤

≤ C

( ∫

Hz0

(z− z0)s|Dm
x ut|22dx

)a( ∫

Hz0

(z− z0)su2
t dx

)1−a

,

äå m−1
m ≤ a < 1, 1

2 = m−1
n+s−p + a

(
1
2 − m

n+s−p

)
+ 1−a

2 ,

∫

Hz0

(z − z0)s|Dl−1
x ut|22dx ≤

≤ C

( ∫

Hz0

(z − z0)s|Dm
x ut|22dx

)b( ∫

Hz0

(z − z0)su2
t dx

)1−b

,

äå l−1
m ≤ b < 1, 1

2 = l−1
n+s−p + b

(
1
2 − m

n+s−p

)
+ 1−b

2 ,

a =
m− 1

m
, b =

l − 1
m

, b < a.
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Îñêiëüêè p = 2, òî s = 2m i îöiíêà (12) ìà¹ âèãëÿä

Es(z0) ≤ C

[( T∫

0

∫

Ωz0

(z − z0)s|Dm
x ut|22dxdt

)a

+

+
( T∫

0

∫

Ωz0

(z − z0)s|Dm
x ut|22dxdt

)b]
×

×
[
(Fs−2(z0))1−a + (Fs−2(z0))1−b

]
.

Çâiäñè ìàòèìåìî íåðiâíiñòü

E2m(z0) ≤ C[E2(m−1)(z0)]Θ, (14)

äå
Θ = b− a + 1 =

l

m
< 1.

Î÷åâèäíî, ùî äëÿ k = m i k = l ñïðàâäæó¹òüñÿ
ñïiââiäíîøåííÿ

T∫

0

∫

Ωz0

(z − z0)2m−2|Dk
xut|22dxdt =

=

T∫

0

∫

Ωz0

|Dk
xut|

2m−2
2m

2 |Dk
xut|

2
2m
2 (z − z0)2m−2dxdt ≤

≤
( T∫

0

∫

Ωz0

|Dk
xut|22(z − z0)2mdxdt

)m−1
m

×

×
( T∫

0

∫

Ωz0

|Dk
xut|22dxdt

) 1
m

,

ç ÿêîãî
E2m−2(z0) ≤

≤
[( T∫

0

∫

Ωz0

(z − z0)2m|Dm
x ut|22dxdt

)m−1
m

+

+
( T∫

0

∫

Ωz0

(z − z0)2m|Dl
xut|22dxdt

)m−1
m

]
×

×
[( T∫

0

∫

Ωz0

|Dm
x ut|22dxdt

) 1
m

+

+
( T∫

0

∫

Ωz0

|Dl
xut|22dxdt

) 1
m

]
.

Çâiäñè îòðèìó¹ìî íåðiâíiñòü

E2m−2(z0) ≤ C[E2m(z0)]
m−1

m [E0(z0)]
1
m . (15)

Îöiíèìî E1(z0) :

T∫

0

∫

Ωz0

(z − z0)|Dm
x ut|22dxdt =

=

T∫

0

∫

Ωz0

|Dm
x ut|

1
2m
2 (z − z0)|Dm

x ut|
2m−1
2m

2 dxdt ≤

≤
( T∫

0

∫

Ωz0

|Dm
x ut|22(z − z0)2mdxdt

) 1
2m

×

×
( T∫

0

∫

Ωz0

|Dm
x ut|22dxdt

) 2m−1
2m

.

Îñòàííþ îöiíêó ìîæíà ïåðåïèñàòè ó âèãëÿäi

E1(z0) ≤ C[E2m(z0)]
1

2m [E0(z0)]
2m−1
2m . (16)

Âðàõîâóþ÷è (14), (15) òà (16), ìîæåìî çàïèñàòè
íåðiâíîñòi

E2m(z0) ≤ C[E2m(z0)]
m−1

m (b−a+1)[E0(z0)]
b−a+1

m ;

E2m(z0) ≤ C[E0(z0)]
b−a+1

m ;

[
E2m(z0)

]1− (m−1)(b−a+1)
m

≤ C[E0(z0)]
b−a+1

m−(m−1)(b−a+1) ;

E1(z0) ≤ C[E0(z0)]
b−a+1

m−(m−1)(b−a+1)
1

2m [E0(z0)]
2m−1
2m .

Çâiäñè îäåðæèìî ôîðìóëó

E1(z0) ≤ C[E0(z0)]α0 .

Îñêiëüêè âèêîíó¹òüñÿ ðiâíiñòü

E′
1(z0) = −E0(z0)

i íåðiâíiñòü

E0(z0) ≥ C[E1(z0)]
1

α0 ,

òî îòðèìà¹ìî îöiíêó

−E′
1(z0) ≥ C[E1(z0)]

1
α0

àáî
− dE1(z0)

[E1(z0)]
1

α0

≥ C dz0. (17)

Ïðîiíòåãðóâàâøè íåðiâíiñòü (17) âiä z1 äî z2,
îòðèìà¹ìî îöiíêó

α0

1− α0
[E1(z2)]

α0−1
α0 ≥ α0

1− α0
[E1(z1)]

α0−1
α0 +C(z2− z1).

Îñêiëüêè 0 < α0 < 1, òî îäåðæàíà îöiíêà åêâiâàëåíò-
íà íåðiâíîñòi (13). ¥

Òåîðåìà 3. Íåõàé u � óçàãàëüíåíèé ðîçâ'ÿçîê
çàäà÷i (1)�(3), m = l, p = 2, S = 0 i âèêîíóþòü-
ñÿ óìîâè (A), (B), (C), (H), (R), (U). Òîäi
ïðàâèëüíà îöiíêà

E1(z2) ≤ E1(z1)e−C(z2−z1), 0 ≤ z1 < z2. (18)
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¤ Äîâåäåííÿ. Ïîäiáíèìè ìiðêóâàííÿìè ÿê ïiä
÷àñ äîâåäåííÿ òåîðåìè 2, îòðèìó¹ìî (17), äå
α0 = 1. Ïðîiíòåãðóâàâøè îáèäâi ÷àñòèíè îäåðæàíî¨
íåðiâíîñòi âiä z1 äî z2, ìàòèìåìî òâåðäæåííÿ
òåîðåìè. ¥

Ó âèïàäêó îáìåæåíî¨ îáëàñòi Ω òà ðiâíÿííÿ

utt + (−1)m
∑

|α|=m

Dα
x (|Dα

x ut|p−2Dα
x ut)+

+(−1)l
∑

|α|=l

Dα
x (|Dα

x ut|p−2Dα
x ut)+

+(−1)l
∑

|α|=l

Dα
x (|Dα

x u|p−2Dα
x u)+

+|ut|r−2ut = 0, (19)
äå r > 1, p > 2, âñòàíîâèìî ïîâåäiíêó íà ïiâîñi t > 0
ïîõiäíî¨ çà ÷àñîì âiä óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i
(19), (2)-(3).

Òåîðåìà 4. Íåõàé u � óçàãàëüíåíèé ðîçâ'ÿçîê
çàäà÷i (19), (2)-(3) â îáëàñòi Q = Ω× (0, +∞) i, êðiì
òîãî, u0 ∈ W l,p

0 (Ω), u1 ∈ L2(Ω). Òîäi äëÿ âñiõ t > 0
âèêîíó¹òüñÿ îöiíêà

∫

Ωt

u2
t dx ≤

[
γ1t + G

2−q
2

0

] 2
2−q

, (20)

äå q =
{

p, r ≤ 2,
min{p, r}, r > 2,

à γ1, G0 � äîäàòíi
ñòàëi.

¤ Äîâåäåííÿ. Îñêiëüêè u � ðîçâ'ÿçîê çàäà÷i
(19), (2)-(3), à ðiâíÿííÿ (19) ¹ ÷àñòêîâèì âèïàäêîì
ðiâíÿííÿ (1), òî äëÿ âñiõ 0 ≤ t1 < t2 < +∞ òà µ ≥ 0
ïðàâèëüíà ðiâíiñòü

1
2

∫

Ωt2

u2
t e
−µt2dx− 1

2

∫

Ωt1

u2
t e
−µt1dx+

+

t2∫

t1

∫

Ω

[
µ

2
u2

t +
∑

|α|=m

|Dα
x ut|p +

∑

|α|=l

|Dα
x ut|p+

+
∑

|α|=l

|Dα
x u|p−2Dα

x uDα
x ut + |ut|r

]
e−µtdxdt = 0,

ÿêó, ïðèéíÿâøè µ = 0, t1 = 0, t2 = t, ïåðåïèøåìî ó
âèãëÿäi

1
2

∫

Ωt

u2
t dx +

t∫

0

∫

Ωτ

[
|Dm

x ut|pp + |Dl
xut|pp+

+|ut|r
]
dxdτ +

1
p

∫

Ωt

|Dl
xu|ppdx = (21)

=
1
2

∫

Ω0

u2
1dx +

1
p

∫

Ω0

|Dl
xu0|ppdx.

Íà ïiäñòàâi íåðiâíîñòi Ôðiäðiõcà
t∫

0

∫

Ωτ

(
|Dm

x ut|pp + |Dl
xut|pp

)
dxdτ ≥ CΩ

t∫

0

∫

Ωτ

|ut|pdxdτ,

íåðiâíîñòi 1
p

∫
Ωt

|Dl
xu|ppdx ≥ 0 òà ôîðìóëè (21), ìàòè-

ìåìî îöiíêó
∫

Ωt

u2
t dx + 2CΩ

t∫

0

∫

Ωτ

|ut|pdxdτ + 2

t∫

0

∫

Ωτ

|ut|rdxdτ ≤ G0,

äå
G0 :=

∫

Ω0

(
u2

1 +
2
p
|Dl

xu0|pp
)

dx.

Îñêiëüêè
∫

Ωt

|ut|2dx ≤ (mesΩ)
q−2
q

(∫

Ωt

|ut|qdx
) 2

q

,

òî ∫

Ωt

|ut|qdx ≥ (mesΩ)
2−q
2

(∫

Ωt

|ut|2dx
) q

2

.

Ïîçíà÷èìî

y(t) =
∫

Ωt

u2
t dx, µ0 =





2CΩ, r ≤ 2,
2CΩ, p < r,
2, 2 < r ≤ p,

γ0 = (mesΩ)
2−q
2 . Òîäi âèêîíó¹òüñÿ íåðiâíiñòü

y(t) + µ0γ0

t∫

0

[y(τ)]
q
2 dτ ≤ G0,

ÿêó çàïèøåìî ó âèãëÿäi
[
z′(t)

] 2
q

+ µ0γ0z(t) ≤ G0, (22)

äå z(t) =
t∫
0

[y(τ)]
q
2 dτ.

Î÷åâèäíî, ùî

z(0) = 0, z′(t) = [y(t)]
q
2 ≥ 0 òà y(t) =

[
z′(t)

] 2
q

.

Ïðîàíàëiçó¹ìî íåðiâíiñòü (22). ßêùî y(t) > 0 äëÿ
âñiõ t > 0, òî ôóíêöiÿ z ñòðîãî ìîíîòîííî çðîñòà¹
i µ0γ0z(t) < G0. ßêùî æ iñíó¹ òàêå t0 > 0, ùî
µ0γ0z(t0) = G0, òî z′(t0) = 0 i y(t0) = 0. Ó öüîìó
âèïàäêó y(t) ≡ 0 ïðè t ∈ [t0, +∞).

Íåõàé äëÿ âñiõ t > 0 µ0γ0z(t) < G0, òîäi
z′(t) ≤ [G0 − µ0γ0z(t)]

q
2 ,

[
G0 − µ0γ0z(t)

] 2−q
2

−G
2−q
2

0 ≤ µ0γ0(q − 2)
2

t.

Ç îñòàííüî¨ íåðiâíîñòi îäåðæó¹ìî ôîðìóëó

G0 − µ0γ0z(t) ≤
[
γ1t + G

2−q
2

0

] 2
2−q

,

äå γ1 = µ0γ0(q−2)
2 . Çâiäñè, íà ïiäñòàâi (22), âèêîíó¹òü-

ñÿ øóêàíà îöiíêà (20). ¥
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Âèñíîâêè
Ó ðîáîòi ðîçãëÿíóòî ìiøàíó çàäà÷ó äëÿ íåëiíiéíîãî
ãiïåðáîëi÷íîãî ðiâíÿííÿ âèñîêîãî ïîðÿäêó. Âñòàíîâ-
ëåíî óìîâè íà ïàðàìåòðè ðiâíÿííÿ, ùî çàáåçïå÷óþòü

êîìïàêòíiñòü íîñiÿ ¨¨ óçàãàëüíåíîãî ðîçâ'ÿçêó çà
äîäàòíèì íàïðÿìêîì îäíi¹¨ iç ïðîñòîðîâèõ çìiííèõ, à
òàêîæ äîñëiäæåíî ïîâåäiíêó i îäåðæàíî åíåðãåòè÷íi
îöiíêè äëÿ ðîçâ'ÿçêó òàêî¨ çàäà÷i.
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The mixed problem for nonlinear hyperbolic equation of the higher order is examined. Given
some conditions for initial problems' data is stated the supports' compactness of its generalized
solution.
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